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The Pressure of a Hard Sphere Fluid
on a Curved Surface
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Utilizing the integral equation approach to the hard sphere fluid system
developed in the preceding paper, the hard sphere-hard wall interaction is
studied. For the case of a flat wall, perturbation solutions of the integral
equation valid to second and third order in the packing fraction, y, are derived.
For a surface of arbitrary curvature, an equation of state valid to second order
in the packing fraction is also derived. When applied to very small cavities, it is
found that the pressure at high densities is significantly higher than it would be
for a flat wall.

KEY WORDS: Hard sphere fluid; wall-atom distribution function; wall con-
tact values; equation of state.

1. INTRODUCTION

In the preceding article,!’ hereafter referred to as I, we have presented a
new nonlinear integral equation describing the radial distribution function
of a hard sphere fluid system. For a test particle of arbitrary radius, R,
surrounded by particles of a common radius, a, the radial distribution
function, g(x) satisfies the integral equation,

6 X Xy
Inga(x)= —yg.fa) 7 | dx LO gx(%) f(x', %) ds (1)
where
;o X'+ R — (£ R)’+4a*1(X £ R)
f(x ’ X) - gaz(x, i R)2 (2)
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and
x'+2a for 3a<x'<5a

Xo=x"—2a, X
or
Xo=a, Xi=x"4+2a for a<x'<3a

In this paper, we will apply the perturbation solution obtained in I by
extending Shinomoto’s method® to cases where the radius of the test par-
ticle is different from the radii of the generic particles.

In Section 2, we will perform the limit R— co to find the hard
sphere-hard wall distribution functions in both the second- and third-order
approximations.

In Section 3, we will evaluate the radial distribution function to second
order at x=a for a general choice of R to find an equation of state for a
dense fluid in a very small cavity.

2. THE WALL-ATOM DISTRIBUTION FUNCTION

The probability of finding a hard sphere atom a certain distance away
from a hard wall is simply found by performing the limit R — oo and
proceeding in the same fashion as in the calculation of the pair distribution
function in I. This probability can be interpreted as the density profile near
the wall,

The development then picks up at Eq. (27) of I. Performing the limit
R — o0 yields

< > 2
lim f(x, fc)=X4 T and  lim g, (5) =239 (xF34)

R— o0 a R—wo 4q°

The second-order potential evaluated at R — co becomes

¢3(x, y, R=00) 5 (x —3a)? (x + 3a)
VKT _(Hiy)[_ 4 ]

y
— _T45x%2—1 — 2
+ 2Oa2[ x 38ax—67a"] (2a)

= —[¥3*(x, R=o0) + Wi’ (x, R=0)]  (2b)
for the region ¢ < x < 3a and

¢(x, y, R=0) (x—5a)* (x*+ ldax + 25a°)
VKT 3204°

= —y3(x, R=0) (3b)

(3a)
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for 3a < x < 5a. Here, y is the packing fraction defined as

47ra3
=—a’n
=3

The second-order hard sphere—hard wall distribution function is therefore
given as

0, azx
s exp[ yWi(x) + v (x)], a<x<3a
go(x)= - 4)
expLy*y3(x)], 3a<x<5a
1, x> 5a

Figure 1 shows this distribution function as a function of x/d, where x is
the distance from the center of the atom to the surface of the wall and d is
the diameter of the atom. Again, as for the second-order pair distribution
function, the characteristic oscillatory behavior is absent in the second-
order perturbation.

To find the third-order solution, it is necessary to evaluate the
integrals of Egs. (34) to (36) in I. Since the functions in Eq. (2) and (3) are
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Fig. 1. Second-order perturbation solution of Eq. (1) in the limit R - oo evaluated at
various packing fractions.
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simple polynomials, these integrations are clementary. The third-order
radial distribution is given as

0, a>x

exp[ Y3 (x) + yYPx) + yYr(x)],  a<x<3a
g3(x)={ exp[y2YIa(x) + yYI0(x)], la<x<sa (5)

exp[ ¥ (x)], Sa<x<Ta

1, x=Ta

Noting that the second-order pair distribution function at the contact dis-

tance is
1009

280 7 v’ ()

5
(a)—1+ y+—=

the relationships defining the third-order hard wall-hard atom distribution
function become

Y3 (x) =3 (x) (7)
YP(x) =y (x)
Yi(x) =y3(x)

1009 5 x° + 9x%a + 3964"a* — 4284x%a°
Ic — Ia Z o 1b _

Vi) =g Vi) +3¥s (x)+< 1075204°

LT 1134x%a* 4+ 200718x%a° — 1177092x°a® + 32914445247

107520a°
—5116185xa® + 26627694°
1075204°

5 5x° —45x%a — 828x7a% + 14448x°%4> — 64386x°a*

by, _ 2 1la
i) =5 00 + ¢

i 83034x*a’ + 1188516x°a® — 750888xa’

537604°
—8917277xa® + 147267194°
537604°
and
() = —x°+9x% + 396x7a® — 6972x%> + 14994x°a* + 450702x"*a°
3= 1075204°

4 —4004868x°a® + 11495988x%a” — 105884 1xa® — 337652634°
107520a°
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This distribution function, g3 (x), is plotted in Fig. 2 as a function of x/d
for various packing functions, y. As was true for the pair distribution,
oscillations appear in the third-order solution. However, at high densities,
the value of the distribution function at the contact point is significantly
lowered in passing from the second to third order perturbation solution. In
Figs. 3 and 4, comparisons between the Monte Carlo results of Snook and
Henderson® and the second- and third-order perturbation solutions are
shown graphically for two different packing fractions. At the lower density,
Fig. 3, the third-order solution agrees fairly well for x/d < 1. However, the
height and location of the peak is not predicted very accurately. At the
higher density, the disagreement is, of course, more pronounced. However,
a closer inspection of both figures reveals that the higher second-order con-
tact values are closer to reality. This accounts for the excellent agreement
Shinomoto found between the second-order equation of state (for a flat
wall) and the more conventionally derived equations of state. This does not
mean that the third-order results are incorrect but rather illustrates the
slow convergence of the solution of the integral equation (1) with a pertur-
bation method. In Fig. 5, a comparison between the solution of the Per-
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Fig. 2. Third-order perturbation solution of Eq. (1) in the limit R — o evaluated at various
packing fractions.
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Fig. 3. Companson between the Monte Carlo results of Snook and Henderson and the
second- and third-order perturbation solutions of Eq.{1) at the bulk density n=0.57
(corresponding to y =0.298). The Monte Carlo results are indicated by the filled circles. The
chain dash line represents the second-order perturbation. The dashed line represents the third-
order perturbation.

cus—Yevick equation™ for the hard wall-hard sphere system and the per-
turbation solutions is made at the relatively high packing fraction
»=0.419. Again at this high density, the number of oscillations is greater
than the third-order perturbation solution allows, hence the agreement is
rather poor.

3. EQUATION OF STATE FOR HARD, CURVES SURFACES

The success of the second-order perturbation solution in predicting the
contact value of the radial distribution for a flat wall suggests that the
second-order approximation may be useful for finding accurate contact
values for curved surfaces. For an arbitrary value of the test particle’s cur-
vature, R, the integrands involved in Egs. (34)-(36) of I become quite com-
plicated rational functions. Therefore, in order to avoid errors, the
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Fig. 4 Same as Fig.3 except for the higher bulk density #=091 (corresponding to
y=0.476).
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Fig. 5. Comparison between the solution of the Percus—Yevick equation for the hard
sphere-hard wall system and the second- and third-order perturbation solutions of Eq. (1) for
the bulk density n =0.8 (corresponding to y =0.419). The perturbation solutions are indicated
in the same way as they are in Figs. 3 and 4. The solid lines represent the PY solution.
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integrations have been done in closed form with the algebraic manipulation
routine REDUCE2.©)
The result for the second-order potential evaluated at x = a is given as

¢3(x=a, y, R)/kT=M(a,y, R)/N(a, y, R) (8)
where
M(a, y, R)
= 4789534’y — 4592704’ + 358668a° Ry — 3061800a°R

—959364a’ R’y — 6327720a’ R* — 1864296a° R’y — 6667920a°R>

— 1491210a°R*y — 4207140a° R* — 683424a*R%y — 16934404 R°

— 1932844°R®y — 441000a° R® — 33528a*R"y — 72240a*R’

— 3287aR®y — 6790aR® — 140R°y — 280R® (9)
and

N(a, y, R)/70 = 6561a° + 24057a®R + 37908a" R? + 34020a° R
+ 19278a°R* + 7182a*R® + 1764a°RS + 276a*R’
+ 25aR® + R (10)

The equation of state in the second-order approximation is then given by
the contact value

2(y, R) = p/nkT = gz(a) = exp[ — ¢3(a, y, R)/kT] (11)

For R= +o0, this reduces to Shinomoto’s result for the flat wall®

z(y, 00) = exp |:4y (1 +%>] ~1+4y+10y* + 18.67y* + 28.67y*

+ 37.87y° + -+ (12)

As Shinomoto has pointed out, this compares very favorably with the Ree
and Hoover virial expansion.'® In Fig. 6a, the ratio of the gas pressure on
a curved surface to the pressure on a flat surface as a function of the hard
sphere packing fraction is plotted for various different positive radii to
show the relative effect of curvature. Note that the compressibility factor
and hence the pressure decreases with decreasing radius of curvature for a
given packing fraction. As a result, the gas-kinetic pressure on a protrusion
in a flat wall is actually less than the pressure on the flat portions.



Pressure of a Hard Sphere Fluid on a Curved Surface

R)

=

[aV}

2 | R=100a R=7a

< | _ R=20a R=5a

=] R=10a R=4a

< |

@©

@ |

©

@

<

ol

o

|

o

@ i i T T
0.0 0.1 02 0.3 0.4

y

1.8 2.0
L

1.6

14

1

12

0.8 1.0
.

(b)

517

Fig. 6. (a) Ratio of pressures on a convex and a flat surface vs. packing fraction. Radii of
curvature given in units of the gas atom radius. (b) Ratio of pressures on a concave or cavity
surface and a flat surface vs. packing fraction. The cavity radii R are in units of the gas atom

radius.
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For the case of small cavities the situation reverses. The curvature is
now concave and characterized by negative values of R in the present con-
vention. As the results in Fig. 6b show the compressibility factor and hence
the pressure increases as the radius of curvature becomes smaller in
absolute terms. Hence, for the same packing fraction, a gas exerts a greater
gas-kinetic pressure on a small cavity than on a larger one. This can be
simply explained by the observation that gas atoms impinging on a con-
cave surface will on average impart a greater component of linear momen-
tum perpendicular to this surface than when the surface is flat, or worse
yet, convex in curvature. This observation also makes it plausible that a
curvature effect will only become significant when the curvature radius
approaches the atomic radius of the gas particles. Such systems of small
cavities can often occur in the defects of an irradiated metal which has been
subject to a supersaturation of light atoms such as helium or hydrogen.!'®

A direct quantitative comparison of Eq. (11) with the Percus—Yevick
theory is available for positive R. Lebowitz et al.®) has shown that the PY
contact values obtained from the compressibility relation are given for a
mixture of hard spheres by

.. 6 [RR 1282 [ RR, \’
gr(Ry)=(1-5) +(1—53)2<R,-+R,>+(1—é3>3<R,-+R,-> (3

where

pi2R) (14)

1

Mz

Fis
&= 6,
and m is the number of different species.

To compare the present results with the PY theory, the limiting case of
a binary mixture with one component’s density approaching zero is
assumed. If Ry=a, R,=R, p,=n, and p, >0, then the moments of

Eq. (14) become

C3=y
¢, =y/2a

As the PY theory is not exact, a different expression for the contact values
can be derived using the virial theorem. The virial contact values are
related to the compressibility contact values by

12¢,¢2 ( RR, )2
(1-&)°\R,+ R,
In Fig. 7a, the results of Eqgs.(9)-(11) are plotted along with those

obtained from the compressibility and virial expressions of the PY theory
for R=100a. As this radius of curvature represents a very nearly flat sur-

(15)

gr{R)=g&(R))— (16)
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Fig. 7. (a) Compressibility factors vs. hard sphere packing fraction for a convex surface with
a radii of curvature 100 times the radius of the impinging hard spheres. Solid line, present
results; dashed line, PY compressibility prediction; chained dash line, PY virial prediction.

(b) Same as Fig. 7(a) but for R=4a.
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face, the present results lic between the two different PY predictions con-
sistent with Shinomoto’s original paper. However, as the radius of cur-
vature is decreased, the difference between the PY compressibility and
virial curves begins to shrink. Although this difference never vanishes, at a
certain value of R, the contact values predicted by Egs. (9)-(11) will lie
outside of the two PY curves. This is seen for a value of R = 4q as shown in
Fig. 7b. At R~10a, the virial contact values and the present results coin-
cide.

5. CONCLUSIONS

Analytic expressions are derived in the flat wall limit for the second-
and third-order perturbation solutions of a new integral equation for the
hard sphere fluid system. As a systematic result of the perturbation method,
the characteristic oscillations of the radial distribution function are not
observed until the third-order approximation. Even though the pertur-
bation solution converges rather slowly for large average densities when
Jjudged by the wall distribution function, the gas-kinetic pressure obtained
on a flat surface with the second-order perturbation solution is already in
excellent agreement with the Carnahan—Starling equation for a hard-sphere
gas.”

When evaluating the pressure on a curved surface, the situation is not
quite so clear. For very small radii of curvature, the second-order pertur-
bation solution slightly overpredicts the difference between the flat wall and
curved wall pressures when compared to the Percus—Yevick theory. This
discrepancy is more than likely a result of the relative low order of the
solution in the packing fraction. However, the intuitive ideas introduced by
Shinomoto provide an elementary understanding of why the gas kinetic
pressure exerted in a very small cavity in a solid is significantly larger than
the pressure exerted on a flat wall: the pressure represents the average
momentum transfer to the wall by impacting spheres. Contained in this
average is an average over the cosine of the impact direction. For a small
cavity, more of the impacts of the hard spheres with the wall are nearly
perpendicular than in the case of a flat wall or even a convex wall. As a
result, the angular average is larger, and the pressure increases with
decreasing cavity radius. This geometrical interpretation of the pressure
enhancement on a curved surface also forms one of the central ideas of the
scaled particle theory for liquids.®
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